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Abstract

The supplementary material includes the TenRPCA-
MoG full hierarchical Bayesian model and the detail of
variational inference process for inferring the posterior of
the model.

1. Hierarchical model for TenRPCA-MoG
The TenRPCA-MoG

Y = X + E

where yijk is the elements of tensor Y in the i-th row, j-
th column and k-th tube. Based on CP decomposition, the
elementary of the three order tensor X can be expressed by:

xijk =

r∑
d=1

uidvjdtkd

where uid is i-th row and d-th column of factor matrix U ,
as well as vjd and tkd. For inference covenience, it is often
written as the following form:

xijk = uid(vjd � tkd)T

We formulate the full hierarchical form of the TenRPCA-
MoG as:

yijk = uid(vjd � tkd)T + eijk

u.d ∼ N (u.d|0, γ−1
d If )

v.d ∼ N (v.d|0, γ−1
d Ig)

t.d ∼ N (t.d|0, γ−1
d Im)

γd ∼ Gam(γd|a0, b0)

eijk ∼
∏N

n=1
N (eijk|µn, τn−1)

zijkn

∗Corresponding author.

zijk ∼Multinomia(zijk|π)

π ∼ Dir(π|α0)

µn, τn ∼ N (µn|µ0, (β0τn)−1)Gam(τn|c0, d0)

The full likelihood of the generative model can be formu-
lated by:

p(U, V, T,Z, µ, τ, π, γ,Y)
= p(Y|U, V, T,Z, µ, τ)p(Z|π)p(µ|τ)p(τ)p(U |γ)
p(V |γ)p(T |γ)p(γ)

=
∏
ijk

∏N
n=1 p(yijk|ui.,vj., tk., µn, τ−1

n )zijkn∏
ijk p(zijk|π)P (π)

∏N
n=1 p(µn, τn)∏R

d=1 {p(u.d|γd)p(v.d|γd)p(t.d|γd)p(γd)}
=
∏
ijk

∏N
n=1N

(
yijk|uid(vjd � tkd)T + µn, τ

−1
n

)zijk∏
ijk

∏N
n=1 π

zijkDir(π|α0)∏N
n=1

{
N (µn|µ0, (β0τn)

−1
)Gam(τn|c0, d0)

}
∏D
d=1 {N (u.d|0, γd−1If )N (v.d|0, γd−1Ig)

N (t.d|0, γd−1Im)Gam(γd|a0, b0)

2. Update equations
The variational update equations for the posterior of all

the involved parameters in the proposed model has the fol-
lowing closed form.
Infer U:

q(ui.) = N (ui.|µui.
,
∑

ui.

)

where 〈.〉 denotes the expectation, and∑
ui.

=
{∑

n
〈τn〉

∑
jk
〈zijkn〉

〈(
tk.

T tk.
)
∗
(
vj.

Tvj.
)〉

+ Γ
}−1

µTui.
=
∑

ui.
∗
{∑

n 〈τn〉
∑
jk 〈zijkn〉 (yijk − 〈µn〉)

〈tk. � vj.〉}T

Infer V:
q(vj.) = N (vj.|µvj.

,
∑

vj.

)



where∑
vj.

=
{∑

n
〈τn〉

∑
ik
〈zijkn〉

〈(
tk.

T tk.
)
∗
(
ui.

Tui.
)〉

+ Γ
}−1

µTvj.
=
∑

vj.
∗ {
∑
n 〈τn〉

∑
ik 〈zijkn〉 (yijk − 〈µn〉)

〈tk. � ui.〉}T

Infer T:
q(tk.) = N (tk.|µtk.

,
∑

tk.

)

where∑
tk.

=
{∑

n
〈τn〉

∑
ij
〈zijkn〉

〈(
vj.

Tvj.
)
∗
(
ui.

Tui.
)〉

+ Γ
}−1

µTtk.
=
∑

tk.
∗
{∑

n 〈τn〉
∑
ij 〈zijkn〉 (yijk − 〈µn〉)

〈vj. � ui.〉}T

Infer γ
q (γd) = Gam(γd|ad, bd)

where
ad = a0 +

f + g +m

2

bd = b0 +
1

2

(〈
uT.du.d

〉
+
〈
vT.dv.d

〉
+
〈
tT.dt.d

〉)
Infer Z

q(zijk) =
∏

n
rijkn

zjikn

where
rijkn =

ρijkn∑
n ρijkn

ln ρjikn = 1
2 〈ln τn〉 −

1
2 ln 2π − 1

2 〈τn〉 〈(yjik−
ui. (tk. � vj.)

T − µn
)〉

+ 〈lnπn〉

Infer µ, τ

q(µn, τn) = N (mn, (βnτn)−1)Gam(τn|cn, dn)

where
βn = β0 +

∑
ijk
〈zijkn〉

mn =
1

βn
(β0µ0 +

∑
ijk
〈zijkn〉(yijk−〈ui.〉 〈vj. � tk.〉T )

cn = c0 +
1

2

∑
ijk
〈zijkn〉

dn = d0 + 1
2

{∑
ijk 〈zijkn〉

〈(
yijk − 〈ui.〉 〈vj. � tk.〉T

)2〉
+ β0µ0

2 − 1
βn

(∑
ijk 〈zijkn〉 (yijk − 〈ui.〉 〈vj. � tk.〉

T
)

+β0µ0)
2
}

Infer π
q(π) = Dir(π|α)

where
α = (α1, · · · , αn)

αn = α0n +
∑

ijk
〈zijkn〉

3. Calculation of expectations
The calculation of the expactations for the variational up-

date equations under the given variational distributions has
the following closed form:

〈τn〉 = cn
dn

〈zijkn〉 = rijkn
〈ln τn〉 = ψ(cn)− lndn
〈lnπn〉 = ψ(αn)− ψ(α̂n), α̂ =

∑N
k αn〈(

yijk − ui.(vj. � tk.)
T − µn

)2〉
=

〈(
yijk − ui.(vj. � tk.)

T
)2〉

− 2 〈µn〉 (yijk−

〈ui.〉 〈vj. � tk.〉T
)

+
〈
µn

2
〉

〈µn〉 = mn〈
µn

2
〉

= (βnτn)
−1

+mn
2〈(

yijk − ui.(vj. � tk.)
T
)2〉

= yijk
2 + tr

(〈
ui.

T ui.〉
〈
vj.

T vj.〉
〈
tk.

T t k.〉
)
−

2yijk 〈ui.〉 〈vj. � tk.〉T〈
ui.

T ui.〉 =
∑

ui.
+ 〈ui.〉 〈ui.〉T〈

vj.
T vj.〉 =

∑
vj.

+ 〈vj.〉 〈vj.〉T〈
tk.

T tk.〉 =
∑

tk.
+ 〈tk.〉 〈tk.〉T

Γ = diag (〈γ〉) , 〈γd〉 = ad
bd〈

u.d
T u.d〉 = 〈u.d〉T 〈u.d〉+

∑f
i=1

(∑
u.d

)
dd〈

v.d
T v.d〉 = 〈v.d〉T 〈v.d〉+

∑g
j=1

(∑
v.d

)
dd〈

t.d
T t.d〉 = 〈t.d〉T 〈t.d〉+

∑m
k=1

(∑
t.d

)
dd

where ψ(.) denotes the digamma function defined by
ψ(x) = d

dx ln Γ(x).


